What can one infer about the dynamical evolution of quantum systems just by symmetry considerations? For Markovian dynamics in finite dimensions, we present a simple construction that assigns to each symmetry of the generator a family of scalar functions over quantum states that are monotonic under the time evolution. The aforementioned monotones can be utilized to identify states that are non-reachable from an initial state by the time evolution and include all constraints imposed by conserved quantities, providing a generalization of Noether's theorem for this class of dynamics. As a special case, the generator itself can be considered a symmetry, resulting in non-trivial constraints over the time evolution, even if all conserved quantities trivialize. The construction utilizes tools from quantum information-geometry, mainly the theory of monotone Riemannian metrics. We analyze the prototypical cases of dephasing and Davies generators. arXiv:1912.04939v1 [quant-ph] 
I. INTRODUCTION
One of the main tasks in the study of non-relativistic quantum dynamical systems is predicting how quantum states and observables evolve over time given some dynamical law, for instance, a Hamiltonian operator and the associated equations of motion. It is often the case, however, that in practice the trajectory either does not admit an explicit closed form, or even if it does, it can be complicated to draw conclusions to physical questions of interest from it. It is therefore important to have accessible methods and tools that allow one to extract the essential features of the evolution directly from the dynamical laws.
In the heart of such approaches lies the far-reaching idea of symmetry. The most prominent example is perhaps provided by Noether's theorem which, in the context of Lagrangian mechanics, yields a conserved quantity for each differentiable symmetry of the generator [1] . In the quantum realm, the theorem implies that all moments of an observable that is a symmetry of the time evolution are conserved [2] .
Connections between symmetries and conserved quantities in Markovian dynamics have been discussed by Albert and Jiang [3] . Consequences of symmetries in quantum dynamics have been systematically considered in the framework of quantum resource theories [4] , specifically in the theory of reference frames and asymmetry [5, 6] . There, one investigates the allowed state transitions under quantum dynamics that respects a specified symmetry 1 . In particular, Marvian and Spekkens in Ref. [7] established the fact that, for the case of Hamiltonian dynamics, asymmetry monotones yield conserved quantities that can be independent of the Noether ones [7] . In the case of symmetric dynamics that is Markovian, asymmetry monotones have been utilized to put constraints on the evolution of quantum coherences by Lostaglio et al. [8] .
In this paper we consider open quantum systems in finite dimensions evolving under Markovian dynamics [9] . We address the question: given the generator of the dynamics and an initial state, what constraints can symmetry considerations impose on the set of states that are reachable under the time evolution?
Open quantum dynamics is, in general, dissipate and so the role of conserved quantities can be rather limited. For instance, Markovian dynamics with a unique steady state does not admit any non-trivial conserved quantities [3] . For this reason, we approach the problem by instead seeking for monotones, i.e., functions of the state that are monotonic (in our case, non-increasing) under the time evolution. Similarly to conserved quantities, monotones can be utilized to exclude state transitions that are impossible under the dynamics, i.e., states that do not belong in the trajectory of a given initial state.
Monotones generalize the concept of a conserved quantity and, as we show in our construction, in fact one can deduce from them the full set of conserved quantities. Our main result consists of a method to assign to each pair of symmetries of the generator a one-parameter family of monotones for the time evolution. As a special case, the generator itself can be considered a symmetry of the dynamics, resulting in non-trivial constraints over the time evolution, even if all conserved quantities trivialize.
The basic idea we invoke to obtain monotones of the time evolution relies on the "infinitesimal" version of quantum data-processing inequalities. Distinguishability measures D(ρ, σ) ≥ 0, defined over pairs of quantum states such that D(ρ, ρ) = 0, are said to obey the data-processing inequality if they are non-increasing under the joint action of a quantum operation on both arguments and play a central role in quantum information theory [10, 11] . Since Markovian dynamics is fully characterized by its generator, we invoke an infinitesimal version of distinguishability measures, connecting with monotone Riemannian metrics in the space of quantum states. Such metrics have proven useful for the study of Markovian quantum dynamics, as for instance for the study of the mixing time and convergence rates [12] [13] [14] .
The paper is organized as follows. In section II we begin by first non-rigorously presenting the basic idea for establishing the correspondence between symmetries and monotones of the evolution. We then present the general construction based on monotone Riemannian metrics and, after giving a simple example, we establish a connection with the Noether conserved quantities in open systems. We also discuss how one can construct symmetries for the generator of the dynamics and the monotones. In section III, we apply the method to dephasing generators and in section IV for generators of the Davies form, extracting in both cases the qualitative features of the evolution with symmetry considerations. We conclude in section V.
II. MONOTONES OF THE EVOLUTION FROM SYMMETRIES OF THE DYNAMICS

A. Setting the stage
We consider quantum systems described by a state ρ ∈ S(H) ⊆ B(H), where the Hilbert space H ∼ = C d is finite dimensional. We assume that the dynamics is Markovian and time-homogeneous, i.e.,
where the generator of the dynamics L (also known as the Lindbladian) is time independent and hence can be expressed in the standard form (see, e.g., Ref. [9] for more details)
Equation (1) gives rise to a one-parameter family of timeevolution superoperators
belonging in the space of Completely Positive and Trace Preserving (CPTP) maps, also known as quantum channels. We define as symmetries of a Lindbladian those superoperators that commute with L, i.e.,
We first informally present the basic idea of how one can obtain monotones of the evolution from symmetries of the generator. Let us consider a distinguishability measure, i.e., a function D(ρ, σ) over pairs of states with D(ρ, σ) ≥ 0 and D(ρ, ρ) = 0 ,
such that it respects the data processing inequality
for all states ρ, σ and quantum channels E. Let us also define
which is a measure of the difference between a state ρ and its variation 2 generated by the symmetry M.
The data processing inequality, together with the fact that M is a symmetry of the time evolution, implies that
i.e., that f s is a monotone of the dynamics. However, to calculate f s for a finite value of the parameter s one needs to first calculate the action of the exponential exp(sM) on ρ, which in general is impractical. Instead, if the function f s is suitably well-behaved, one can examine its expansion
where the form of g M depends on D and M. Since the inequality (7) is valid for all s ≥ 0, no matter how small, it follows that also g M (ρ) is a monotone of the evolution
Before proceeding to formalize the previous observation via basic tools from quantum information-geometry, let us consider an example. If the distinguishability measure is taken to be the relative α-Rényi entropy with α = 1/2, i.e.,
then it is not hard to show by a straightforward calculation that the expansion (8) yields k = 2 and
where we invoked the spectral decomposition of the argument ρ = d i=1 p i |i i|. The above quantity is wellknown in quantum information-geometry as the Wigner-Yanase metric [15] , here evaluated on the operator M (ρ).
B. Monotones of the evolution and monotone Riemannian metrics
Let us specialize to the case where D(ρ, σ) is an "honest" contractive distance function, i.e., in addition to properties (5) it is also symmetric, non-degenerate, and obeys the triangle inequality. We will assume that √ D arises from a Riemannian metric and that is defined over pairs in S >0 (H) (the space of positive definite states). In that case, the expansion (8) yields k = 2 and the function g M (ρ) is nothing else that the square of the length of the tangent vector M(ρ) over the tangent space T ρ (S >0 (H)).
The aforementioned class of Riemannian metrics, called monotone metrics [16] [17] [18] [19] , constitute the quantum analog of the Fisher metric for probability distributions (see also Ref. [20] for an accessible introduction to the subject). While the latter is uniquely determined from the monotonicity property under classical stochastic maps (up to a normalization constant), the same does not hold for its quantum counterparts, which show a rich variety. Monotone metrics are also closely related to generalized relative entropies [21] , as every monotone Riemannian metric arises from a generalized relative entropy [22] .
For the purposes of this work, the crucial property of such quantities is that they satisfy the data processing inequality. This monotonicity property can be understood as a consequence of a key operator inequality, first proved in Ref. [22] , which we repeat here due to its central importance for what follows.
Theorem (Lesniewski and Ruskai [22] ).
where A ∈ B(H) is a linear operator, L σ := σX (R τ (X) := Xτ ) is the superoperator representing left (right) multiplication, E is a quantum channel and λ ∈ R ≥0 . The operators σ, τ ∈ B >0 (H) are positive definite, assuring that the superoperator inverses entering the inequality are well-defined, as well as that the resulting traces are non-negative.
Let us now return to considering quantum Markovian dynamics generated by some time-independent Lindbladian L. For our purposes, the quantum channel in the inequality (12) is specialized to the time evolution superoperator E t := exp (tL) for t ≥ 0. Letting ρ ∈ S >0 (H) be a full-rank state, we take
such that N (ρ) ∈ B >0 (H) is positive definite for all ρ ∈ S >0 (H). We will refer to any such superoperators M and N as symmetries of the dynamics.
The resulting inequality, due to the commutation relations [M, E t ] = [N , E t ] = 0, expresses the fact that the quantity
We have shown the following. In the rest of this paper, we will mainly focus on two cases.
(i) N = I, in which case for simplicity we denote the resulting family of monotones as
(ii) If the dynamics admits a full-rank stationary state ω, then N (X) = Tr (X) ω is a symmetry. In that case, it is convenient to denote directly the fixed state ω instead of the symmetry, i.e., write
The monotones ρ (λ)
M can be also expressed in coordinates via spectrally decomposing the argument ρ = i p i |i i|. Substituting, one gets
Similarly, for the case of ρ
For Hamiltonian dynamics, L(X) = K H (X) := −i [H, X], the monotones (15) 
From this construction one obtains valid monotones, possibly admitting a convenient mathematical form for an appropriate choice of the measure. However, notice that the resulting functions do not impose any additional constraints compared to the ones from the parent functions 3 .
C. A first example: Dephasing of a qubit
It might be useful at this stage to consider a simple example to illustrate the formalism. Let us analyze a two-level system with dephasing dynamics described by the Lindbladian
The time evolution in terms of the Bloch vector representation of the state ρ(t)
That is, the Bloch vector lies onto a horizontal plane evolving inwards in a spiral motion.
Let us now illustrate how one can deduce the qualitative features of the evolution just by symmetry considerations, by use of Eq. (17). Since the Hamiltonian H = gσ z and the single Lindblad operator L = σ z are both diagonal in the σ z := |0 0| − |1 1| eigenbasis, clearly the left multiplication superoperators L |0 0| and L |1 1| are symmetries of the Lindbladian. One immediately gets that the populations
are non-increasing. However, since the evolution is trace preserving, each of the populations is separately conserved. Notice that these are exactly the two linearly independent conserved quantities of the evolution predicted by Noether's theorem for Lindbladians, which we discuss momentarily. Now we consider again Eq. (17) but for the symmetry M(X) = K σz and λ = 1. Spectrally decomposing ρ = p + P + + p − P − and invoking Eq. (19), we have ρ (1) that is, coherences are non-increasing under the time evolution.
The monotones from Eqs. (24) and (25) jointly limit the set of states R that are (possibly) reachable under time evolution. The aforementioned set consists of all Bloch vectors lying on horizontal disk with radius equal to r 0 (the radial distance of the initial Bloch vector from the z-axis.)
In fact, the set R of our example is as constrained as possible, in the sense that additional symmetry arguments (relying on the set Sym(L)) cannot restrict it more. To see this, first notice that the set of symmetries of our dephasing Lindbladian does not depend on the value of the parameter g, as long as g = 0. On the other hand, by varying g, all points in the bulk of R can be reached by the trajectories of Eq. (23) (for any fixed initial condition). This is because g controls the frequency of the rotational motion, which can be made arbitrarily high. Therefore no more points in R can be excluded by symmetry arguments.
D. Monotones imply Noether conserved quantities
We will say that an operator
We will also refer to such functions of the state as Noether conserved quantities, since they generalize the corresponding Hamiltonian construction. It is well-known that
The claim follows by noticing that the above trace can be expressed via the Hilbert-Schmidt inner product ( A, B := Tr A † B for A, B ∈ B(H)) as
A consequence is that the number of linearly independent conserved quantities equals the dimension of the subspace spanned by the steady states of the evolution, a fact also noted in [3] . This observation follows from the identity dim Ker(L) = dim Ker(L * ). In particular, if there is a unique fixed point of the evolution then all conserved quantities trivialize, in the sense that they are necessarily proportional to the trace of the (time-evolved) state, since always I ∈ Ker L * .
On the other hand, the monotones ρ (λ) M impose nontrivial, in general, constraints on the reachable states of the evolution, for instance by taking M = L (a specific example is given later in Figure 1 ). What is more, if a steady state ω is known (regardless whether it is unique or not), then also monotones of the form ρ A natural question to be asked is whether the constraints imposed by the Noether conserved quantities are included in the monotones arising from Proposition 1 or not. The answer is affirmative. Proposition 2. If the Lindbladian admits a full-rank stationary state, then for each conserved operator Y there is an appropriate choice of the symmetries M, N in the family monotones ρ (0) M,N that implies the conservation.
Notice, however, the converse is not true; constraints imposed by the monotones ρ To complete the proof, we need to show that the constraints imposed by conserved Y ∈ B >0 (H) are the same as the ones imposed by arbitrary Y ∈ B(H). This is true because L * preserves hermiticity and therefore Y ∈ Ker(L * ) also implies Y † ∈ Ker(L * ), allowing to trade a possibly non-hermitian Y for its (separately conserved) hermitian and anti-hermitian parts. Finally, since L * is unital, if Y is conserved then also Y + aI is conserved, which can always be made positive for large enough a. Notice that this amounts to just adding the constant a to the value of the Noether conserved quantity.
The above demonstrate that the monotone family ρ (0) M,N imposes at least as many constraints as conserved quantities.
E. Symmetries of the generator and the monotones
We now very briefly address the question of how one can find symmetries of a Lindbladian, beyond those guessed by inspection. Determining explicitly the entire set of symmetries Sym (L) of a Lindbladian is usually too complicated to be of practical importance. Instead, when a representation of the Lindbladian in Lindblad operators in known, it might be convenient to look at operators simultaneously commuting with all elements of the set S = {H} ∪ L i , L † i i . If A is the algebra generated by S, then the element of the algebra generated by {L X , R X } X∈A belong to Sym (L) (here A denotes the commutant of the algebra). We will use this fact to analyze dephasing generators later in the paper.
Fixed points ω also give raise to symmetries, for instance via maps N (X) = Tr(X)ω, as in Eq. (18) . Although Ker (L) is not in general closed with respect to operator multiplication, it was shown in Ref. [23] that it forms an Euclidean Jordan Algebra, i.e., if F := lim t→∞ exp (tL) I is the projection of the identity onto Ker (L) and A, B are fixed points of the evolution, then
is also a fixed point, where X F := F −1/2 XF −1/2 . This fact can be of use to generate fixed points from a set of known ones. Finally, we address the question of how to construct monotones that themselves possess some symmetry. Let us consider a unitary representation U g of a group G such that U g = U g (·)U † g is a symmetry of the Lindbladian for all g ∈ G. Then one can define a (left) group action on the space of monotones via
From the latter, it is straightforward to construct monotones that are invariant under the action by invoking the (Haar) group average, i.e., consider
For instance,
where P(X) := dµ Haar (g)U g (X) is the projector superoperator onto the G-invariant subspace, i.e., for any operator X it holds U g P(X) = P(X)U g ∀g. The projector P can be constructed explicitly in terms of the irreducible representations of {U g } g using standard techniques from theory of noiseless subsystems [24, 25] .
III. DEPHASING GENERATORS
Here we consider Lindblad generators of the general form (2) such that all elements of the set S = {H} ∪ L i , L † i i mutually commute with each other. We will refer to this class as dephasing generators. Notice that this family is a generalization of the qubit example of section II C.
Dephasing Lindblians are both unital and Hilbert-Schmidt normal, as can be inferred with a direct calculation invoking the standard form (2) of the generator. Hence by the spectral theorem they admit a complete family of eigenoperators. The corresponding time evolution can be formally expressed via resorting to the (maximal) projectors onto the joint eigenspaces of all elements in S. Let us denote as {P i } n i=1 (n ≤ d) this complete family of orthogonal projectors, and also as P ij (X) := P i XP j the corresponding family of (Hilbert-Schmidt orthogonal) projector superoperators. Then, for dephasing generators, the time evolution can be written as
Invoking once again the standard form of the generator (2) , it follows that the eigenvalues satisfy λ ij = λ * ji and λ ii = 0 ∀i, while Re (λ ij ) < 0 for i = j.
The last inequality expresses that fact that there are no steady states with support over any of the eigenspaces P ij with i = j. This is true since, for unital Lindbladians, Ker (L) coincides with A [26] , where A is the (abelian) algebra generated by the set S. In our case, this commutant is exactly given by operators in the range of i P ii .
Qualitatively, the evolution dictates that the diagonal elements i P ii (ρ) are conserved while the off-diagonal parts i P ij (ρ) (i = j) decay, possibly with oscillations, which is the defining characteristic of dephasing.
Let us now extract the same qualitative information from a symmetry analysis. Clearly, [L Pi , L] = 0 ∀i hence
are non-increasing. On the other hand, the evolution is trace-preserving, therefore all P i are, in fact, conserved. These are all the linearly independent Noether conserved quantities.
In addition, L Pi R Pj is a symmetry of the evolution since all elements in S mutually commute. Combining this with the fact that the evolution is unital, hence ω = I is a fixed point, we directly get from Eq. (18) that
is non-increasing. This corresponds to the decay of the (i, j)-coherences of the state ρ and is a generalization of Eq. (25) . We have shown the following general fact.
Proposition 3. Let L be a Lindbladian.
(i) If L P is a symmetry of L, then Tr ρ t P † P is a non-increasing function of time.
(ii) If L is unital and L P R Q is a symmetry, then Tr P † P ρ t Q † Qρ t is a non-increasing function of time.
For P, Q orthogonal projectors, then (i) corresponds to decaying population and (ii) to decaying coherence.
IV. DAVIES GENERATORS
A. Preliminaries
A physically significant class of Lindbladians is provided by the Davies generators [27] (for a more modern treatment, see also Refs. [28, 29] ). This family arises from a first-principles derivation under the main assumption that the interaction between the system and its environment is weak and gives rise to steady states that are thermal. Davies generators have the following properties: 
(ii) It satisfies the quantum detailed balance condition, i.e., there exists a state τ such that
For the scope of this paper, we will refer to any Lindbladian that satisfies the conditions of Eqs. (35) as a Davies generator. Let us recall a few useful mathematical facts regarding the detailed balance condition [28, 30] . First of all, since D * is unital, Eq. (35b) implies that τ is a fixed point of the evolution. The detailed balance condition can be equivalently understood as the requirement that D * is hermitian with respect to the (possibly degenerate) scalar product
Assuming that τ is full rank, the detailed balance condition Eq. (35b) can be recast in a yet another form, namely D being hermitian with respect to the scalar product ·, · τ −1 . The last claim follows by multiplying both from the left and the right Eq. (35b) with R −1 τ . Let us now express the general form of the time evolution of a Davies generators. Notice that Davies generators are always normal operators, hence admit a complete family of eigenoperators. This is because, by assumption, D is hermitian with respect to the scalar product (36) (for τ −1 ) and it commutes with the Hamiltonian part. Let as formally denote as {P i } i the complete family of hermitian (with respect to ·, · τ −1 ) superoperator projectors. Then the general solution has the form
with P i P j = δ ij P i and i P i = I.
B. Davies generator: Single qubit
Let us consider a qubit system whose Lindbladian is described by H = σ z together with two Lindblad operators {aσ + , bσ − }. The unique steady state τ = 1 2 (I + w · σ) has a corresponding Bloch vector lying along the z-axis with w z = a 2 −b 2 a 2 +b 2 . One can easily check directly that Eqs. (35) are satisfied, hence L is indeed a valid Davies generator. Setting g = |a| 2 + |b| 2 , the dynamical evolution of the Bloch vector is, in cylindrical coordinates,
Let us analyze some of its symmetries now. By definition of the Davies generator, K H = K σz is a symmetry, therefore Eq. (25) is a valid monotone, indicating that coherences can only decay. This corresponds to the inward spiral motion of the trajectory.
Regarding the z-evolution of the Bloch vector towards the fixed point, let us assume that τ is known to be a fixed state of the evolution (but we do not explicitly assume that it is the unique fixed state). Then by inspection one can verify that M(X) = σ z , X τ −1 σ z is a symmetry of the evolution. Therefore
is non-increasing, implying that also Tr τ −1 σ z ρ is a monotone. In the Bloch representation, the last quantity equivalently expresses the fact that |v z − w z | is nonincreasing, i.e., the z-component of the Bloch vector monotonically approaches the steady state. Finally, we numerically investigate in Figure 1 a example for the constraints imposed on the qubit time evolution just by considering as symmetry the Lindbladian itself.
C. Davies generators: General remarks
Let us make a few observations regarding monotones and Davies generators. First of all, notice that monotones (18) for ω = τ (the detailed balance fixed point) and λ = 0 are directly related to the Davies inner product
In particular, the case M = I expresses the fact that ρ (0)
is non-increasing under the time evolution, which is a generalization of the well-known fact that the purity Pur(ρ) := Tr(ρ 2 ) is non-increasing under unital dynamics. Equivalently, the distance
is non-increasing. One can easily generalize the construction of the monotone (39). Each of the projectors in Eq. (37) can be written as P 
V. DISCUSSION AND OUTLOOK
Identifying symmetries and their consequences in physical systems is an important task for various fields of physics. The present manuscript constitutes an attempt to provide a simple correspondence between symmetries in the generators of quantum Markovian dynamics and monotones of the corresponding evolution. More specifically, we presented a construction that assigns to every pair of symmetries of the generator a one-parameter family of functions over quantum states that are nonincreasing under the time evolution. Such monotonic functions can be employed in order to identify states that are non-reachable by the evolution. The construction utilizes powerful tools from quantum information-geometry, mainly from the theory of monotone Riemannian metrics. Finally, we have demonstrated how one can deduce from symmetries the qualitative features of the evolution for the prototypical cases of dephasing and Davies generators.
One can easily rephrase the question addressed in the present paper to fit in the framework of quantum resource theories. Given a Lindbladian, one can define as free operations those associated with the time evolution {E t := exp (tL)} t≥0 . Our main result, Proposition 1, provides a family of monotones for each pair of symmetries of the generator. However, even if all possible symmetries are considered, the resulting families of monotones are not in general complete, i.e., they do not exclude all states that are non-reachable by the evolution. It remains an open question to find a general construction for a complete family of monotones.
We hope that the present work demonstrates yet another way in which ideas and tools from quantum information theory can provide useful insights to the analysis of quantum dynamics.
